Using Monte Carlo simulations, we investigate the phase behavior of hard rhombic platelets as a function of the thickness of the platelets, T. The phase diagram displays a columnar phase and a crystal phase in which the platelets are stacked in columns that are arranged in a two-dimensional lattice. We find that the shape of the platelets determines the symmetry of the two-dimensional lattice, i.e., rhombic platelets form an oblique columnar phase and a simple monoclinic crystal phase. For sufficiently thick platelets, i.e., for a thickness-to-length ratio T/L > 0.17, we find only an isotropic fluid, an oblique columnar phase, and a monoclinic crystal phase. Surprisingly, for an intermediate plate thickness, 0.083 < T /L < 0.17, we also find a region in between the isotropic (or nematic) phase and the columnar phase, where the smectic phase is stable. For sufficiently thin platelets, T/L < 0.13, the phase diagram displays a nematic phase. With the exception of the smectic phase, our results resemble the phase behavior of discotic particles. Our results may guide the synthesis and future experiments on rhombic nanoplatelets. Published by AIP Publishing. [http://dx
I. INTRODUCTION
With the advancement of technology and the prevalence of various display devices, liquid crystal displays (LCDs) have played an increasingly important role in our everyday lives. LCDs use the light modulating properties of liquid crystals to display complex images, as such; the study of liquid crystals has never been more important and relevant than at the present age. Whereas normal periodic crystals exhibit long-range positional and orientational order in all spatial dimensions, liquid crystals exhibit long-range orientational and positional order in only two or less spatial dimensions.
Hard-particle models, i.e., models in which the particles interact only by their excluded volume, are particularly important in the study of liquid crystals because they can be used to test molecular theories for the properties of liquid crystals, and they provide a starting point for thermodynamic perturbation theories. The study of such models goes all the way back to 1949, when Onsager 1 predicted theoretically that a system of infinitely thin rods or a system of infinitely thin platelets exhibits a first-order phase transition from an isotropic phase to a nematic phase, which is driven purely by excluded-volume interactions. The first time a hard particle model was used to simulate a liquid crystal was in 1972 by Vieillard-Baron, 2 who investigated the phase behavior of a two-dimensional system of hard ellipses. Due to the computational restrictions of those times, it was not until 1985 that the phase behavior of the full three-dimensional system of ellipsoids was mapped out by Frenkel and Mulder, 3 revealing isotropic, nematic, crystal, and plastic crystal phases. In 1997, the phase diagram of hard spherocylinders was determined by means of free-energy calculations using Monte Carlo simulations and was found to a) Electronic mail: m.dijkstra@uu.nl exhibit an isotropic, nematic, (plastic) crystal but also a smectic phase. 4 Frenkel and Eppenga 5,6 studied the limit of infinitely thin cylinders, or disks, in 1982, finding a first-order isotropicnematic phase transition, and compared it with Onsager theory. 1 Later, in 1992, Veerman and Frenkel 7 studied a model for hard platelets, using a sphere truncated by two symmetrically opposite parallel planes, and observed a first-order phase transition from a nematic to a columnar phase which was later also confirmed for infinitely thin disks. 8 In addition, they found a so-called cubatic phase which turns out to be metastable with respect to the columnar phase in later studies. [9] [10] [11] The phase diagram of hard oblate spherocylinders, i.e., a model system of discotic-like particles, was determined as a function of the plate thickness by Marechal et al. and exhibited isotropic, nematic, columnar, and two crystal phases. Marechal et al. also studied models of hard platelets with different degrees of roundness 10 focusing on the "devitrification" process from a metastable cubatic to a columnar phase. More recently, a large class of polyhedral-shaped particles has been investigated, that exhibit plastic crystal and liquid crystal phases but also intriguing crystal phases. [12] [13] [14] [15] [16] [17] Although plastic-crystal forming hard particles have been studied since 1985, 3,18-20 the more "exotic" states, such as quasi-crystals, 12,21 biaxial nematics, [22] [23] [24] [25] and even chiral phases, 26 have only been studied very recently, which indicates 27 that the study of hard-particle systems is far from over.
There is an additional reason why hard-particle models have become important as of late, and that is because a wide variety of these systems are now experimentally available. Hard-sphere colloidal particles have been synthesized for over five decades now, 28, 29 and various polyhedral-shaped particles have also been synthesized recently. 13, [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] In this work, we focus on the phase behavior of particles of a specific polyhedral shape known as rhombohedron. The work is motivated by the recent synthesis of nano-platelets of this shape by Murray et al. 45, 48 and is focused on shapes with a small aspect ratio. For convenience, we refer to these particles as "rhombic platelets." Current research on the selfassembly of these particles 48 has focused on two-dimensional planar geometries. Instead, we explore the self-assembly of the three-dimensional bulk system, which could prove useful for future experimental studies. We generally expect the phase behavior of platelets of different shapes to be qualitatively similar, i.e., we should at least find nematic, columnar, and crystal phases at the appropriate aspect ratios.
This paper is organized as follows. In Section II we discuss the hard-particle model, and in Section III the computational methods used to simulate and characterize the different phases of the rhombic platelets. In Section IV we present our results, which are focused on the phase behavior of these flat particles. Finally, in Section V we summarize the results and discuss possible future ventures.
II. MODEL
We study the phase behavior and structure of a system consisting of hard rhombic platelets using Monte Carlo simulations. To this end, we model each particle as a rhombohedron which is basically a rhombus extruded in the third dimension. In Figure 1 we show a typical rhombic platelet along with three lines, denoting the characteristic dimensions of the platelet, with T being the thickness, W being the short axis length, and L the long axis length. Two-dimensional rhombi can tile space, admitting either a tiling where all platelets are parallel or a socalled rhombille tiling, 49 with the former being the favorable one as shown in simulations. 48 Rhombic platelets can also tile the three-dimensional space by stacking different 2D tilings on top of each other.
Here, we simulate hard rhombic platelets that interact solely through excluded volume interactions, which means that platelets cannot overlap at any point in the simulation. In our simulations, we fix W /L = 2/3, which is close to the experimental value of recently synthesized GdF 3 nanoplatelets, 45 and investigate the phase behavior as a function of the reduced thickness, T /L.
III. METHODS
We perform Monte Carlo (MC) simulations in the NPT ensemble, i.e., simulations where the number of particles, N, pressure P, and temperature T are fixed. We employ periodic boundary conditions along all three dimensions. We change the volume independently in each dimension so that the simulation box can accommodate the different phases, thereby avoiding severe finite size effects. We use the cluster algorithm introduced by Almarza 50 for performing the volume change move. As in the original algorithm, in order to construct clusters, we first introduce bonds between pairs of particles. The probability of generating a bond between two particles depends on the shortest surface-to-surface distance, s, and reads
where δ is the cutoff distance which is sufficiently small that percolation is avoided. For calculating the shortest surfaceto-surface distance, s, as well as overlaps between pairs of particles, we use the Gilbert Johnson Keerthi (GJK) algorithm, 51 which can be employed for arbitrary convex particle shapes. Each Monte Carlo cycle consists of N attempts to translate a random particle, N attempts to rotate a random particle, and one attempt to change the volume of the simulation box. Configurations were initialized in an oblique crystal phase (an example of this phase is shown in Figure 4 ) and equilibrated for ∼5 · 10 6 MC cycles. The equilibrium packing fraction, η, was calculated as an average over the last ∼10 5 MC cycles.
To determine the isotropic-nematic (I-N), nematicsmectic (N-Sm), and smectic-columnar/crystal (Sm-C/X) coexistence packing fractions, η, we study the discontinuities in the equations of state. The equations of state are determined by expanding from the space-filling rhombic crystal phase. Furthermore, we calculate the nematic and smectic order parameters. The nematic order parameter, S, and nematic director, n, are identified as the largest eigenvalue, and corresponding eigenvector, of the nematic order parameter tensor, 52
where u iα is the α-th component of the unit vector describing the orientation of a particular axis of platelet i, N is the number of particles, and δ αβ is the Kronecker delta. The smectic order parameter, τ, is calculated along the nematic director, n, and is given by [53] [54] [55] [56] 
where r j is the position of the jth platelet, and the value of l ∈ R that maximizes the above expression is identified as the layer spacing. Additionally, we calculate the diffraction patterns along the nematic director corresponding to the long particle axis, i.e., the L-axis. This is done by projecting the particle positions on the plane defined by the nematic directors of the T and W particle axes and subsequently calculating the Fourier transform of a two-dimensional histogram of the projected particle positions.
IV. RESULTS
In our Monte Carlo study, we find that hard rhombic platelets with a width-to-length ratio W /L = 2/3 exhibit a rich phase behavior; the platelets can transition through up to five different phases, depending on the reduced thickness, T /L. In Figure 2 where β = 1/(k B T ) with k B the Boltzmann constant and V p is the particle volume) for platelets with reduced thickness T /L = 1/9. The colors denote the thermodynamic phase of the respective state point. More specifically, the isotropic phase (I) is represented by orange, the nematic phase (N) by green, the smectic phase (Sm) by pink, the columnar (C) by purple, and the rhombic crystal phase is represented as brown. To appreciate the fine detail of the equation of state, we plot a magnified version for packing fractions η ∈ (0.38, 0.57), in the inset, showing the jumps associated with the three firstorder phase transitions (I-N, N-Sm, and Sm-C). This is further underpinned in Figure 2(b) , where we plot the nematic, S, and smectic, τ, order parameters, using once more the same colorcoding. It can be clearly seen that the nematic order parameter, S, shows a jump at a packing fraction η ≈ 0.4, clearly indicating the orientational alignment of the platelets along the nematic director. On the other hand, the smectic order parameter, τ, clearly shows a jump at a packing fraction η ≈ 0.5. The smectic order parameter jumps back to ∼0 in the columnar phase at a packing fraction η ≈ 0.55.
We now turn our attention to the structure of these phases. To this end, we present configurations, along with the corresponding diffraction patterns, in Figures 3 and 4 , for platelets with reduced thickness T /L = 1/9. In the configurations, the particles are colored according to the absolute direction of the short axis-it is easily seen that with the exception of the isotropic phase, as shown in Figure 3(a) , all phases are orientationally ordered along the short particle axis, i.e., along the T -axis. From the configuration in Figure 3(b) and the corresponding diffraction pattern, we observe that the nematic phase shows only weak positional order of the platelets along the nematic director, which is enhanced and clearly pronounced in the smectic phase. In the columnar phase, as shown in Figure  4 (b), we find that the particles form stacks which are arranged in a two-dimensional oblique lattice. We thus find a phase transition from the smectic phase, with one-dimensional positional order and strong orientational order along the nematic director, to a columnar phase with two-dimensional positional order and with additional weak orientational order in the direction perpendicular to the nematic director, as can be seen from the diffraction patterns and configurations.
Combining the information from the equations of state, the order parameters, S and τ, and the diffraction patterns, we determine the phase diagram as a function of plate thickness, T /L, which is shown in Figure 5 . The hatched blue region denotes the region where the equation of state shows a jump, while the solid-colored regions represent the different phases according to the color-coding used in Figure 2 . From the phase diagram, we see that for sufficiently thick platelets, T /L > 0.17, only the isotropic, columnar, and rhombic crystal phases are present. For thinner platelets, we find a narrow regime where the smectic phase is stable, which is easy to miss. Upon decreasing T /L further, the isotropic region becomes smaller, and the nematic phase takes over. For thickness 0.083 < T/L < 0.133, the rhombic platelets experience, phase, and another one to the columnar phase, and a continuous transition to the crystal phase. For thickness T/L < 0.083, the smectic phase vanishes completely. It is also expected that the isotropic phase vanishes as T /L → 0.
In addition, we investigated the possibility of the smectic phase being metastable. To this end, we carefully checked if the smectic phase spontaneously forms upon expanding the space-filling rhombic crystal phase, as well as upon compressing the isotropic fluid phase using MC simulations in the NPT ensemble for N ≈ 2000 rhombic platelets, with T /L = 1/9. Upon compressing the isotropic fluid phase, we indeed find that the smectic phase forms spontaneously, thereby lending strong support that the smectic phase is stable. Upon compression, long-lived columnar clusters are also formed. However, we were not able to recover a bulk columnar phase upon compressing the smectic phase further, at least within the simulation time that we considered.
Furthermore, we performed event-driven molecular dynamics (EDMD) simulations of rhombic particles with T /L = 1/9, in the NVT ensemble. For N ≈ 2000 particles, simulations close to the isotropic-nematic and nematic-smectic coexistence showed strong spinodal-like fluctuations in the local nematic and smectic order parameters, respectively. This accompanied by the small "jumps" in the equations of state leads us to the conclusion that these transitions are weakly first order. We also find that the columnar phase melts into a smectic phase at a pressure βPV p ≈ 7.3, which is close to the coexistence pressure found from the MC expansion, but we find significant finite size effects for this transition, even for a columnar phase consisting of 20 × 52 columns, i.e., N = 52 000 particles.
Although the hard rhombic platelets have a fundamentally different shape from, e.g., oblate hard spherocylinders (OHSCs) of Ref. 10 , preliminary simulations show striking agreement, at least quantitatively, in the phase behavior of the two-particle shapes. Unlike the OHSC, though, we also find a smectic phase for reduced thickness 0.083 < T/L < 0.17 and for packing fractions η ∈ (0.5, 0.52). We speculate that the smectic phase is entropically stabilized by the non-circular shape of the rhombic platelets as well as the large flat facets.
V. SUMMARY AND OUTLOOK
Using Monte Carlo simulations, we determined the phase diagram of hard rhombic platelets with width-to-length ratio, W /L = 2/3, as a function of the plate thickness, T /L. We measured the equations of state, diffraction patterns, as well as the nematic and smectic order parameters, and determined the phase boundaries from NPT expansion runs. We verified the type of the various phases by visual inspection of the particle configurations. In addition, we investigated the presence of metastability by performing compression runs, upon which a bulk smectic phase is formed, and EDMD simulations in the NVT ensemble. Our MC simulations as well as EDMD simulations, provide strong support for a stable columnar and smectic phase in a system of hard-rhombic platelets, but it is hard to pinpoint exactly the phase transition due to severe finite-size effects and slow equilibration rates, as the free energies of the two phases are likely very close. This will also hamper the determination of the phase boundaries using free-energy calculations.
The phase behavior of rhombic platelets, presented here, is compatible with that of other platelet-like particles found in the literature, such as cylinders, 6 ,57 cut spheres, 9, 11 and oblate hard spherocylinders. 10 Unlike the aforementioned particle shapes, the non-circular symmetry and flat facets of rhombic platelets lead to the presence of a stable smectic phase. The smectic phase is stable in a narrow density regime but could possibly be stabilized in a wider regime for different width-to-length ratios of W /L.
Generally, a biaxial phase is expected for anisotropic particles when the quantity ν = T/W − W/L ≈ 0, 58 where T < W < L are the sizes of the three main particle axes. For the rhombic platelets presented here, we find that a biaxial nematic phase is present for extremely thin platelets, T/L < 0.05, corresponding to ν ≈ −0.6. Our preliminary results, as well as those found, e.g., in Ref. 59 on brick-like particles, indicate that the stability of a biaxial phase also depends on an additional criterion for T /L, i.e., the platelets should be sufficiently thin. In future work, we intend to study the phase behavior of rhombic particles as a function of all parameters T, W, and L, focusing on the biaxial phase.
Rhombic platelets of different aspect ratios can be synthesized and used in self-assembly experiments. In this work, we have investigated what the effect of a non-circularly symmetric particle shape is on the phase behavior of plate-like particles, and how the flat facets stabilize a layered structure such as the smectic phase.
